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" kakeya proelem in R”

Kakeya 1911
Find a8 figure Of the least area on which a8 seavment of
lenath 1 can Be turned 360° By a8 continuous movement.

Besicovitch 1928
There exist such sets of areitrarily small area.
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Kakeya proelem in R”

Kakeya 1911
Find a ficure of the least area on which a8 seament of

lenath 1 can Be turned 360° By a8 continuous movement.

Besicovitch 1928
There exist such sets of areitrarily small area.

Conjecture: Best known:

dim(Kakeya set) > cn

dim(Kakeys set) = n?
for some c <1

Kakeya set in R”

A set containing a line seament in every direction



" Finite fields

Line
A set Of the form {a+ bt:t € Fq}

Kakeya set
A set containg a line in every direction

m-dimensional
Set of agout ¢ poirts

Wolst 1999
Does every Kakeya set in Fj contain c¢,q" points?
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" Finite fields

Line
A set Of the form {a+ bt:t € Fq}

Kakeya set
A set containg a line in every direction

m-dimensional
Set of agout ¢ poirts

Wolst 1999
Does every Kakeya set in Fj contain c¢,q" points?

Dimension 2 is eas
First line q points %
Second line g — 1 points

q+{g—1)+-- le("él)



" Bounds on Kakeya sets

Wolss 1999
Does every Kakeya set in [ convtain c,q” points?

Dvir 2009
At least Q(g"!) poirvts.
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" Bounds on Kakeya sets

Wolss 1999
Does every Kakeya set in Fj contain ¢,q"” points?

Dvir (# Alon, Orerlin, Tao) 2009
Nes, with ¢, = 1/nl

Saraf, Sudan 2008
Ves, with ¢, = 1/2.6".

Dvir, Kopparty, Saraf, Sudan 2013
Ves, with ¢, = 1/2"
Not for c, > 1/2"1%

Thn. (B=Chao)
Ves, with ¢, =271, ;
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" Dvir's araument

Every Kakeya set K C F? has at least (9777') elements.
Proo#f
@ Find polynomial f vanishing on K
- f(p) = 0 is a linear equation on f
- dim(Dearee~d polynomials) = (1)
- Teke d =q—1
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Proo#f
@ Find polynomial f vanishing on K

- f(p) = 0is a linear equation on f
- dim(Dearee~d polynomials) = (1)
- Teke d =q—1

® ! »{={a+bt:teF,}
, _Tw T efat)=0onF,
(CK/‘,‘,,) » f(a+ bt) is zero poly.

N > [t%87]F(a + bt) = 0



43

3
Dvir's araument

Every Kakeya set K C F1 has at least (7777!) elements.

f
W d

Proo#f
@ Find polynomial f vanishing on K

- f(p) = 0is a linear equation on f
- dim(Dearee~d polynomials) = (1)
- Teke d =q—1

) . b Pl={a+bt:teF,}
: /a/f »f(a+bt)=00nF,
écK/“b » f(a -+ bt) is zero poly.
= > [t4€7]F (a4 bt) = 0

& f(bs) = 0
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Dvur s araument

Every Kakeya set K C F? has at least (9777') elements.

Proo#
@ deg f < g — 1 vanishes on K

® Vb f(bx) =0

Fa
//" Ipm—‘l
e Ve ¥
@ f=0o0nP! «— q""! conditions

® fy=0 e« (7t771) coetpicients
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" Our araument £or n =3

Every Kakeya set K C I} has at least ;(¢* + ¢°) elements.

Proo#s
@ Better space of polynomials

AZ {(a1,02,03) s 1 + a3 + a3 < 29 8nd a1, a2 < q}

v {Z Cax®ich € Fq}.

aEA
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" Our araument £or n =3

Every Kakeya set K C I} has at least ;(¢* + ¢°) elements.

Proo#s
@ Better space of polynomials

A= {(ar,02,03) a1 + a2 + a3 < 2q and a1, a2 < q}

v {Z Cax®ich € Fq}.

acA

@ Difterent vanishing condition

f(p) =0
o K.
{Vf(p)::() for every p €
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" Qur araument for n=23

Every Kakeya set K C I} has at least ;(¢* + ¢°) elements.

Proo#s
@ Better space of polynomials

A= {(ar,02,03) : 01 + a3 + a3 < 2q and 1,03 < q}

v cax“:c,lE}Fq}.
{2;4 i dimV = ¢° + ¢°
@ Difterent vanishing condition ')
f(p) =0 4 conditions
for eve € K. :
{Vf(p) ~0 e per point

'8

4lK| > q® + q‘2
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" Our araument £or n =3

@ Better polynomial

AE {{ar,a2,03) 1 aq +az + a3 < 2q and oy, a3 < g}

Fe S

aEA

@ f(p)=Vif(p)=0*PoreverypecK
©) >

/,
fCK/{ar’zb
ot i



e
N

" Our araument £or n =3

@ Better polynomial

AE {{ar,a2,03) 1 aq +az + a3 < 2q and oy, a3 < g}

=3 cxc

aEA

@ f(p) = Vf(p) =0 for every pe K

€) _ ba Wdegf(a-+ bt) <2q
/“{ » f(a+ bt) =0 on F,
ARG N 7 3 T
kb »flat+bt)=00nTF,
g » f(a+ bt) is zero poly.

»f(bx) =0
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" Our araument £or n =3

@ Better polynomial

Al {(a1,00,a3) 1 a1 + a2 + a3 < 2g and o3, a3 < g}

£ o Z CQX&

aEA

@ f(p) = Vf(p) =0 for every pc K

® _ ba Wdegf(a-+ bt) <2q

{ /“{ »f(a+bt)=00nTF,

:,CK/,,_;I, »f(a+bt)=00nF,

i o » f(a+ bt) is zero poly.
» f(by) =0

@ g(x,y) = fa(x,y,1) vanishes



" Our araument, ceneral

- The n =3 does NOT generalize
- Vanishing order to — oc DkSS 2018

- The conditions depend on p and /¢ Zhang 2020
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- The n =3 does NOT generalize
- Vanishing order to — oc DkSS 2018

- The conditions depend on p and / Zhang 2020

pl={a+bt:tecFq}
/ > g = D with |af <r

fCK/a,b »ordg(a+bt) > s

s everywhere on Fg



" Our araument, ceneral

- The n =3 does NOT generalize
- Vanishing order to — oc DkSS 2018

- The conditions depend on p and / Zhang 2020

No idea why it is sharp!
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" Lower-order terms

Thw (B—-Chao)
Every Kakeya set in Fj satisfies [K| >27""1¢"(1 + Z21)

Construction
There are Kekeya sets in Fy of size 27" g"(1 + 21,

But you said 'sharp!




