Walk through Combinatorics: homework #6*
Due 3 November 2017, at start of class

Collaboration and use of external sources are permitted, but must be fully ac-
knowledged and cited. For your own learning, you are advised to work individually.
Collaboration may involve only discussion; all the writing must be done individu-
ally.

Homework must be submitted in IXTEX via e-mail. I want both the IXTEX file
and the resulting PDF. The files must be of the form lastname_discr_hwnum.tex
and lastname_discr_hwnum.pdf respectively. Pictures do not have to be typeset;
a legible photograph of a hand-drawn picture is acceptable.

1. [Two directions: 141] Sign of a real number z is defined by

1 x>0,
sgnr = ¢ 0 =0,
-1 z<O.
The definition extends to real matrices in the natural way: If M is a real
matrix, then sgn M is a matrix given by (sgn M), ; = sgn M, ;.

Let G be a bipartite graph that contains a perfect matching. Let B be its
bipartite adjacency matrix, and o a signing of G. Prove that the following
two conditions are equivalent:

(a) o is a Kasteleyn signing of G

(b) Every matrix M satisfying sgn M = B? is a non-singular matrix.

For example, the above asserts that the “reason” why every matrix of the
b0

form (g d ?) where a, b, d, f > 0 and ¢, e < 0 is non-singular is that
e

is a Kasteleyn signing.

*This homework is from http://www.borisbukh.org/DiscreteMathl7/hw6.pdf.
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2. [2] Denote by M(G) the number of perfect matchings in a graph G. Show
that if G is a connected graph with n vertices and n — 1 4+ k edges, then
M(G) < f(k) for some explicit function f that is independent of n. [Hint:
start with k£ = 0. |

3. [2+(1 bonus)] Pick any two problems on homeworks #4 through #6 (exclud-
ing problem #4 from homework #4 and this problem). Generalize statements
and provide solutions. (Bonus will be awarded for particularly nice general-

izations)



